We investigate the role of symmetry as a possible origin of chaos in the nuclear shell model. For this purpose we disentangle purely geometrical effects due to spin and isospin coupling of the many-body states, from effects of the reduced twobody interaction. We compare a model without symmetry (the embedded twobody ensemble of random matrices) with the two-body random ensemble (TBRE) of the shell model. We show that in the TBRE, there is already considerable mixing of many-body states from only a single reduced two-body matrix element. This is particularly the case for a single j-shell and, in a shell model with subshells, for the many-body states which belong to the same partition (same number of nucleons in each of the subshells). We conclude that in the shell model, chaos is largely generated by symmetry. This mechanism differs considerably from that of the embedded ensemble.
Introduction and Motivation
The analysis of nuclear spectra has produced ample evidence for chaotic motion. Indeed, near neutron threshold, the spectra of medium-weight and heavy nuclei display fluctuations which agree with those of random matrices drawn from the Gaussian orthogonal ensemble (GOE) [1] . Similar agreement has been found for nuclei in the sd-shell (both in experimental data [2] and in shell-model calculations [3] ), and in the ground-state domain of heavier nuclei [4] , although here there exists strong evidence, too, for regular motion as predicted by the shell model and the collective models. Calculations in Ce [5] have produced similar evidence for chaotic motion in atoms. Thus, chaos appears to be an ubiquitous feature of interacting many-body systems. What is the origin of this behavior? This is the question we address in the present Letter.
We do so using the nuclear shell model, a theory with a mean field and a residual two-body effective interaction V . (We do not include three-body forces, although there is evidence [6] that these may be needed to attain quantitative agreement with data. It will be seen that qualitatively, our arguments would not change with the inclusion of such forces.) In many nuclei, the mean field is (nearly) spherically symmetric. Thus, single-particle motion is largely regular. Chaos in nuclei seems a generic property and, hence, must be due to V . We focus attention entirely upon the effects of V . Therefore, we assume that we deal with a single major shell in which the single-particle states are completely degenerate. (A lack of complete degeneracy would reduce the mixing of states due to V and, thus, drive the system towards regular motion). Generic results are expected to be independent of the details of V . Therefore, we assume that the two-body matrix elements (TBME) of V are uncorrelated Gaussian-distributed random variables with zero mean value and unit variance. Our results then apply to almost all two-body interactions with the exception of a set of measure zero. (The integration measure is the volume element in the parameter space of the TBME.)
The two-body interaction V has two characteristic features. (i) It connects pairs of nucleons. (ii) It possesses symmetries: it conserves spin, isospin, and parity. To elucidate the roles played by both features in producing chaos in nuclei, we compare two different models for the two-body interaction. In both models, m fermions are distributed over l > m degenerate single-particle states. Hilbert space is spanned by the resulting N = l m Slater determinants. The two-body interaction connects only those Slater determinants which differ in the occupation numbers of not more than two single-particle states. The first model is the embedded two-body ensemble of Gaussian orthogonal random matrices (EGOE(2)) [7] . For a recent review we refer the reader to ref. [8] . This model does not respect the symmetries of the shell model. Neither the single-particle states nor V carry any quantum numbers. The representation of V in Hilbert space yields a sparse matrix (most non-diagonal matrix elements vanish) and is very different from a typical realization of the GOE which has non-zero matrix elements between every pair of states. The second model is the two-body random ensemble (TBRE) [9, 10] . Here, the single-particle states carry spin, isospin, and parity quantum numbers, and V conserves these symmetries. Hilbert space decays into orthogonal subspaces carrying these same quantum numbers. Each subspace is spanned by states which are linear combinations of (many) Slater determinants. As a result, the matrix representation of V in any such subspace becomes fairly dense, even though it remains true that V connects only Slater determinants which differ in the occupation numbers of not more than two single-particle states. We show that both in the sd-shell and in a single j-shell, the TBRE does generically lead to chaos. (This aspect of the TBRE has been coined "geometric chaoticity" by Zelevinsky et al. [3] . To the best of our knowledge, however, the actual role of symmetries in producing chaos in nuclei has never been investigated.) We conclude that symmetry directly causes chaos in nuclear spectra. We now investigate both models in detail.
Absence of Symmetries
In the absence of symmetries, the appropriate model is the EGOE(2). The EGOE (2) is often used to model stochastic aspects of realistic systems like small metallic grains or quantum dots. This is justified since in those systems the single-particle wave functions themselves are chaotic, and the resulting two-body matrix elements reflect this property and transport the information of the underlying one-body chaos into the many-body system. Several numerical studies for matrix dimensions up to a few thousand or so have shown that the EGOE(2) exhibits GOE statistics in the center of the spectrum. For infinite matrix dimensions, the situation is less clear. Evidence from previous work on the EGOE(2) [11, 12] suggests that the level statistics is Poissonian. However, no firm conclusion has yet been reached [13] . Here, we supplement the previous analysis by a different approach and focus on the matrix structure. In the EGOE(2), the random variables are the a = + 1]/2 independent two-body matrix elements V α , α = 1, . . . , a. A Hamiltonian drawn from the EGOE(2) has matrix elements
where the matrices D µν (α) transport the information contained in the twobody matrix elements V α into the N-dimensional Hilbert space spanned by Slater determinants labeled µ or ν. The ensemble average of the Hamiltonian is obviously zero. The second moment is
The properties of the matrices D µν are obtained by counting. Let µ and ν differ in the occupation numbers of f single-particle states
. For the number of times each of these alternatives is realized, we find (a) is trivially equal to N, the dimension of the matrix and the number of diagonal elements. The correlators α D µν (α)D ρσ (α) can also be worked out easily but are not given here. They do not all vanish. Therefore, the random variables V α D µν (α) are not independent.
The individual matrices D µν (α) have a very simple structure and barely mix many-body states. Let the TBME corresponding to index α change the occupation of f particles. For f = 0 the matrix D µν (α) is diagonal. For f = 1, 2 the matrix D µν (α) can be ordered to have
block matrices of dimension two and is zero otherwise. This shows that individual matrices D µν (α) cannot generate mixing and chaos.
We consider the limit of large matrix dimension N, attained by taking the limit l → ∞. This can be done in two ways: (i) by keeping the ratio m/l fixed; (ii) by keeping m fixed. where k is the number of single-particle states that are occupied in both µ and ν. The correlation is maximal for k = m−1 and vanishes for k = 0 and k = 1. For fixed µ and k, the number of states ν for which the occupation of k single-particle states is the same as in µ is . The ratio of both expressions to N vanishes exponentially fast as l → ∞. Thus, the matrices approach diagonal form with uncorrelated diagonal elements that all have the same variance. This is suggestive of the Poissonian distribution. (ii) The ratio of the number of non-diagonal elements with variance unity to the total number of matrix elements is (1/4)m 2 l 2 /N and vanishes exponentially fast. The same holds true a fortiori for the elements with variance m − 1. Again, the correlators of the diagonal elements are given by . The ratio of this value to N vanishes as a power of l. Again, this is suggestive of the Poissonian distribution. We note, however, that sparseness of a random matrix is no guarantee for Poissonian statistics. Indeed, Fyodorov and Mirlin [14] have shown that sparse random matrices with uncorrelated non-vanishing matrix elements that have a frequency p/N and no preference for large diagonal elements may have either Poissonian or GOE statistics, depending on the value of p. While these results are quite suggestive, the question about spectral fluctuations of the EGOE(2) in the limit of large matrix dimension remains open.
We apply these considerations to the half-filled sd-shell. The number of singleparticle states is l = 24; the number of nucleons is m = 12. The number of independent TBME is a ≈ 3.8 × 10
4 . The corresponding matrices of the embedded ensemble have dimension N ≈ 2.7 × 10 6 . The variance of the diagonal elements is 66. The fraction of non-diagonal elements with variance unity is approximately 1.9 × 10 −3 , that of those with variance m − 1 = 11 is approximately 5.3 × 10 −5 . The Hamiltonian matrices of the EGOE(2) are thus characterized by their sparsity, strong diagonal structure, and a relatively large number of independent TBME.
Presence of symmetries
As mentioned above, diagonalization of shell-model matrices does often lead to GOE-type spectral fluctuations; see, for instance, Ref. [3] . In the TBRE, we distribute m valence nucleons over q single-particle subshells with total angular momenta j k , k = 1, . . . , q. To simplify the notation, we drop the parity quantum number. The many-body states µ, ν have spin and isospin quantum numbers J and T , respectively. The spin-isospin coupled reduced TBME V st (j k , j l ; j m , j n ) (with k ≤ l, m ≤ n, and s and t the two-body spin and isospin, respectively) are labeled V α , α = 1, . . . , a where a depends upon the particular shell under consideration. The shell-model Hamiltonian has matrix elements
Again, the matrices C JT µν (α) transport the information about the TBME V α into the many-body states. In contrast to the EGOE(2), these matrices are now determined by both the spin-isospin symmetry and the fermionic nature of the m-body system. Each element is given in terms of sums over products of angular-momentum coupling coefficients, and coefficients of fractional parentage and is thus a rather complex quantity. The properties of the matrices C JT µν (α) thus cannot be inferred as easily as those of the matrices D µν in Eq. (2). To understand the structure of these matrices, we use first a qualitative analysis. Our analysis applies to the sd-shell and to other shells with more than one subshell in heavier nuclei. The case of a single j-shell differs from these cases and is treated below. We label the JT -coupled many-body basis states by the occupation numbers (n 1 , . . . , n q ) of the q subshells. Here (n 1 , . . . , n q ) is a partition of m into q integers, so that q k=1 n k = m. We assume that the many-body basis states belonging to a given set of quantum numbers JT are ordered in blocks, each block containing states belonging to the same partition. The reduced TBME fall into two classes. The first class consists of the "diagonal" reduced TBME V st (j k , j l ; j k , j l ). These couple only states within the same partition. The matrices C µν (α) corresponding to these TBME are block-diagonal. The second class consists of the "off-diagonal" reduced TBME V st (j k , j l , j m , j n ) with (j k , j l ) = (j m , j n ). These TBME change the occupation numbers (n 1 , . . . , n q ) and thus couple different partitions. Among these offdiagonal TBME there are those with k = m, n and l = m, n, and those with k = m, or k = n, or l = m, or l = n. The former (latter) change the occupation numbers of the subshells by two (one) unit, respectively. The matrices C µν (α) corresponding to these off-diagonal reduced TBME have non-zero entries in the off-diagonal blocks only. As a result, the matrix H JT µν attains a checker-board pattern which reflects the partitions. The pattern is that of m bosons distributed over q single-particle orbitals that interact via two-body interactions.
We show this structure for the particular case of the sd-shell with l = 24 single-particle states, q = 3 subshells with j 1 = d 5/2 , j 2 = d 3/2 , j 3 = s 1/2 , occupation numbers n 1 , n 2 , n 3 , and a total of 41 partitions. Among the a = 63 reduced TBME, 28 are diagonal, 22 of the off-diagonal reduced TBME induce one-body transitions between the partitions, and 13 transfer two particles. We consider the case of m = 12 nucleons (" 28 Si") in the sector J = T = 0. The resulting matrix has dimension 839. All calculations were done using the shell model code Oxbash [15] . Figure 1 shows the matrix structure (non-zero matrix elements only) of a generic Hamiltonian (3). The partition structure and the resulting checker-board pattern are clearly visible.
To elucidate further the structure of the shell-model Hamiltonian of Eq. (3), we ask: How many matrices C µν (α) yield a non-zero contribution to a given matrix element H JT µν ? A matrix element of the diagonal blocks gets on average non-zero contributions from 25.2±4.0 of the 28 block-diagonal matrices corresponding to the diagonal reduced TBME. For the off-diagonal-block matrices corresponding to off-diagonal reduced TBME, the numbers are 7.2±1.4 out of 22 and 2.0 ± 0.9 out of 13 for those transferring one and two particles between different partitions, respectively. This shows that in its non-zero blocks, each of the individual matrices C µν (α) is rather densely populated, and that the density decreases with an increasing number of transferred particles.
Further insight into the structure of the Hamiltonian (3) is obtained when we confine attention to the block-diagonal matrices C µν (α) associated with diagonal TBME. We diagonalize these matrices and compute the average number of principal components (NP C), i.e. the inverse of the sum over the expansion coefficients raised to the fourth power [3] , for each partition. The average is taken over all eigenstates within one partition and over the ensemble of block-diagonal matrices C µν (α) and is shown in Table 1 . We recall that for the GOE and in the limit of infinite matrix dimension D, the value would be NP C/D = 1/3: a typical GOE eigenstate has significant overlap with about 1/3 of the basis states. Table 1 shows that NP C/D amounts to between 25% and 70% of the GOE expectation for the partitions with dimension D > 20. The partitions with smaller dimensions yield even higher values for NP C/D, but the fluctuations typically increase with decreasing dimension. The degree of mixing tends to decrease with increasing dimension of the partitions although there are considerable fluctuations. We conclude that each diagonal reduced TBME thoroughly mixes the states belonging to a fixed partition. To fully appreciate these statements, the reader should recall that the matrices C µν (α) do not carry any specific information on the two-body interaction and are determined exclusively by the symmetries of the problem (exclusion principle and conserved quantum numbers J and T ). The mixing within each partition is expected to be even stronger when we consider a generic two-body interaction and the resulting superposition of matrices C µν (α) in Eq. (3).
Although the mixing between partitions is not as strong as that within each partition, H JT µν will, for 28 Si and J = 0 T = 0, generically generate chaos. To show this, we have compared our Figure 1 with the corresponding figure for the Wildenthal two-body interaction (which was used in Ref. [3] and shown there to produce chaos; see, e.g., Figs. 23(a) and 23(c) of that reference). The two figures are indistinguishable.
We also investigate the TBRE for the case of a single j-shell with m = 6 fermions and j = 19/2. This is a shell model with a single partition. Our earlier results then suggest strong mixing of states. There are a = j + 1/2 = 10 TBME as two particles can have spins s = 0, 2, 4, . . . , (j − 1)/2. The cor- Table 1 Number of principal components N P C normalized by the dimension D for the 13 largest partitions generated by mixing due to the block-diagonal matrices C µν (α). The GOE expectation for infinite matrix dimension is 1/3.
responding spin-conserving two-body operators are denoted byV s . DiagonalizingV s is tantamount to diagonalizing the corresponding matrix C µν (s). Hilbert space is spanned by Slater determinants of single-particle states. These have spin projection J z = 0 (but not well-defined total spin J) and are labeled |µ with µ = 1, . . . , D = 1242. The eigenstates ofV s are written as |s, J, i = Table 2 shows the NP Cs, averaged over all two-body spins s and over all d J states with spin J. We recall that the GOE expectation is NP C/D = 1/3. We see that the spin-conserving two-body operatorsV s individually yield a strong mixing of the basis states. This mixing is purely due to the rotational symmetry and independent of any particular choice of the two-body interaction. It may be argued that the complexity of the coefficients c µ (s, J, i) reflects just the need to couple the states |µ to total spin J, and is not indicative of strong mixing due toV s . Inspection of the individual coefficients c µ (s, J, i) shows, however, strong variations with the index s, which invalidates this argument. Moreover, calculation of the NP Cs in a basis with fixed J confirms our picture. Table 2 Number of principal components N P C normalized by the dimension D for a system of 6 fermions in a single j = 19/2 shell. The N P Cs are averaged over all two-body spins and over the d J states with spin J. The GOE expectation for infinite matrix dimension is 1/3.
Discussion
There are both similarities and differences between the EGOE(2) and the TBRE. For matrix dimensions of up to a few thousand or so, matrices from both ensembles display GOE statistics in the center of the spectrum. However, both ensembles differ considerably in the way they generate mixing and chaos. In the EGOE(2), matrices corresponding to individual TBME have a very simple structure and mix only pairs of many-body states. Here, chaos is generated by the relatively large number of TBME and the resulting superposition of a correspondingly large number of individually simple matrices that form the Hamiltonian. For the TBRE, the situation is distinctly differ-ent. The number of independent TBME is rather small, but the coupling to good spin and isospin leads to considerable mixing and complexity already for the matrices corresponding to an individual TBME. This is true especially for the case of a single j-shell, and for the "diagonal" TBME in the sd-shell. Here, a hallmark of the chaos-generating mechanism is the natural grouping of many-body states into partitions and the considerable pre-mixing that occurs within each partition, independently of any one-body interaction. Our results strongly suggest that chaos in the nuclear shell model is to a large extent caused by symmetry, and not by any particular properties of the effective two-body interaction.
